In the framework of the so called link approach we study exact lattice supersymmetry for the simplest supersymmetric model: N = 1 supersymmetry in D = 1. The model is described by a lattice with spacing a 2 , thus containing twice as many sites as the conventional one. The boson and fermion are related through a 2π/a momentum shift, which can provide an interpretation of them being species doublers to each other. An exactly supersymmetric lattice action can be written within this scheme in momentum representation, which however turns out to be non local in coordinate space.
Introduction
In recent years a number of lattice models with at least one exact supersymmetry at non-zero lattice spacing have been proposed 1 . Topological twist and orbifold projection are the main new ideas behind these approaches, which however allow in general only one exact lattice supersymmetry. The link approach was proposed to overcome this limitation and realize exactly on the lattice all supersymmetries in some models with extended supersymmetry [2, 3, 4, 5] . The key new ingredient of this approach with respect to the ones mentioned above (to which it is however deeply related [6] ) is the introduction of extended lattices with additional "fermionic" links on which supersymmetry charges sit. As a consequence of the link nature of the (super)symmetry charges, modified Leibnitz rules have to be applied when (super)charges act on a product of (super)fields. Hence both the consistency and the relevance of the link approach to the description of exact lattice supersymmetry has been questioned [7, 8] . However it has been shown recently by some of the present authors that a consistent mathematical set up for the link approach can be given in terms of Hopf algebras [9] . The introduction of new links and new sites implies that a larger number of degrees of freedom is present in the link approach formulation, namely that the theory contains doublers both for bosons and fermions unless some mechanism is found to get rid of them. This is one motivation for looking at the simplest supersymmetric system: an N = 1 supersymmetry in one space-time dimension. In spite of its simplicity the investigation of this model in the framework of the link approach offers some insight into some relevant problems, including the doublers mentioned above, and it is worth pursuing. This will be the subject of the present talk.
D=1, N=1 model
The simplest supersymmetric model is a one dimensional model with just one supersymmetric charge. It is described in terms of a superfield:
with a supersymmetry charge given by:
and
The free action is given by
where D is the super derivative. Because of the fermionic nature of the superspace integration volume no potential can be written in terms of the superfield and the theory is essentially free. On the lattice the derivative ∂ ∂ x is replaced by finite shift ∆, defined by: 
which implies that ϕ is constant on the lattice. A constant fermionic field instead anticommutes with Q: {Q, ψ} = 0 . If we assume that on the lattice Q simply acts as a shift of a 2 , then {Q, ψ} = 0 implies for a constant fermionic field ψ l (x):
where ψ 0 is a constant and 2x a is an integer on the lattice. Physical fields are fluctuations around constant configurations. One can then tentatively write a superfield on the lattice as
where ϕ(x) and ψ(x) are smooth fields, in the sense that for instance ψ(x + a 2 ) − ψ(x) is of order a in the continuum limit. The smooth field ψ(x) is related to the original lattice fermion ψ l (x) by the relation
Eq. (2.10) resembles the usual superfield expansion with the sign factor (−1) 2x/a playing the role of θ .
The supersymmetry transformations are given in the continuum by:
The lattice equivalent is 13) where the constant fermionic parameter α in the continuum has been consistently replaced on the lattice by α(−1) 2x a . From here one can read the supersymmetric transformations for the component fields as
The supersymmetry transformations (2.14) and (2.15) have the correct structure, but they are still not the right ones. In fact the variation of ϕ(x) at the l.h.s. of (2.14) is not real: an i factor is missing. In order to restore the hermiticity of the supersymmetry transformations symmetric finite differences must be used, introducing a shift of a 4 of the fermionic fields sites with respect to the bosonic ones. Hence, instead of writing the superfield on the lattice as in (2.10) we shall introduce Φ(x), with x = n a 4 , defined by:
Again the supersymmetry transformations can be written in terms of Φ(x):
By separating Φ(x) into its component fields according to (2.16) we find:
where x is an even multiple of a/4 in (2.18) and an odd one in (2.19). As in the continuum case the commutator of two SUSY transformation is a translation, namely, on the lattice, a finite difference of spacing a. For instance we have for ϕ(x) (the same applies to ψ(x)):
To summarize: even in this extremely simple case exact supersymmetry on the lattice requires the doubling of lattice sites for both bosons and fermions, with the lattice spacing halved from a to a/2, the alternating sign structure for the fermion fields, and, to preserve hermiticity, a relative shift of a/4 of the boson and fermion lattice sites so that ultimately the effective lattice spacing is a/4. The price we had to pay for introducing supersymmetry is the doubling of both boson and fermion degrees of freedom. How to reduce them to the original number without spoiling supersymmetry is the next task. For this purpose we shall move from coordinate to momentum representation.
Momentum Space
Let us consider first the Fourier transform of the component fields ψ(x) and ϕ(x), and denote them byψ(p) andφ(p) respectively. The lattice spacing being a/2, the Brillouin zone extends over a 4π a interval and besides the physical states at p = 0 will include doublers at p = 2π a . Hence we have:
where the minus sign in the case ofψ is due to the a/4 shift in coordinate space. The supersymmetry transformations (2.18) and (2.19) are then given by: 
The periodicity in p ofΦ b (p) andΦ f (p) are the same asφ(p) andψ(p) respectively. The supersymmetry transformations can be easily written in terms ofΦ(p):
which is equivalent to (3.2) and (3. . In other words wavelengths shorter that a will correspond to fermionic degrees of freedom, wavelengths longer than a to bosonic degrees of freedom. This amounts to impose the constraints
These constraints are local in momentum space, hence highly non local in coordinate space and they allow to express the value of the fields in the half-integer multiples of a in terms of the values in the integer multiples. For example, from the first of (3.6):
Non locality in this case does not arise, as in the SLAC derivative, from the definition of the derivative on the lattice, but rather from the definition of the supersymmetric covariant derivative, which involve finite differences over a a 2 spacing.
The Action
As remarked at the beginning the only possible superfield action for this system is the free one given in (2.4) . This can be put on the lattice in superfield notation as:
The different factors in ( 
and it is invariant under SUSY transformations (3.2) and (3. 
Some Conclusions
This simple one dimensional model suggests that, within the extended lattice of the link approach, component fields of a superfield expansion are associated to different regions of the Brillouin zone as if they were species doublers of each other. Momentum representation has a privileged role in this approach 4 , and an exact supersymmetric action can easily be constructed in this representation. The price to be paid is some non locality in the definition of the supersymmetric transformations and ultimately of the action when the coordinate representation is used. This model 3 Notice however that if the momentum integration in (4.2) was extended to the whole Brillouin zone of the extended lattice, that is the interval {− 3π a , π a }, the result would be identical to the one given in (4.2). In fact the doublers at p = 2π a have the "wrong" statistics with respect to the symmetry of the lagrangian density, and the integral over the interval {− 3π a , − π a } vanishes identically. The constraints (3.6) may then be regarded as superfluous: bosonic modes with wavelength less than a and fermionic modes with wavelength longer than a naturally decouple. 4 Momentum representation has been used in studying supersymmetric theories in low dimension. See for instance [10] and, for some recent developments [11, 12] .
is very simple, in the sense that it contains only one supersymmetric charge with no interaction. So the extension to higher dimensions, or at least to extended supersymmetries in one dimension is essential. This will probably require a non commutative lattice. the argument is the following: consider a D = 2, N = 1 supersymmetry with supersymmetry algebra Q 2 1 = ∂ ∂ x , Q 2 2 = ∂ ∂ y and {Q 1 , Q 2 } = 0. Then a superfield expansion on the lattice in the spirit of (2.10) would be:
Φ(x, y) = ϕ(x, y) + (−1) with commutativity recovered in the continuum limit a → 0. The relevance of non commutative lattices in the link approach has already been considered in [13] .
